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Hierarchical monogamy relations for the squared entanglement of formation in multipartite systems
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We show exactly that the squared entanglement of formation (SEF) obeys a set of hierarchical monogamy
relations for an arbitrary N -qubit mixed state. Based on this set of monogamy relations, we are able to con-
struct the set of hierarchical multipartite entanglement indicators for N -qubit states, which still work well even
when the concurrence-based indicators lose efficacy. As a by-product, an intriguing analytical relation between
the entanglement of formation (EOF) and squared concurrence (SC) for an arbitrary mixed state of 2 ⊗ d sys-
tems is derived, making the concurrence calculable via the corresponding EOF. Furthermore, we analyze the
multipartite entanglement dynamics in composite cavity-reservoir systems with the present set of hierarchical
indicators. Moreover, for multilevel systems, it is illustrated that the SEF can be monogamous even if the SC is
polygamous.
PACS numbers: 03.65.Ud, 03.65.Yz, 03.67.Mn
I. INTRODUCTION
Entanglement monogamy is one of the most important
properties for many-body quantum systems [1, 2], which
means that quantum entanglement cannot be freely shared
among many parties and there is a trade-off among the amount
of entanglement in different subsystems. For example, in a
three-qubit system ρABC , when qubits A and B are maxi-
mally entangled, the third qubit C cannot be correlated with
qubits AB at all [3]. For entanglement quantified by the
squared concurrence (SC) [4], Coffman et al. proved the first
quantitative monogamy relation for three-qubit states [5], i.e.,
C2(ρA|BC) − C2(ρAB) − C2(ρAC) ≥ 0, and the residual
entanglement can be used to characterize the genuine three-
qubit entanglement [6]. Furthermore, Osborne and Verstraete
proved the corresponding relation for N -qubit systems [7]
C2(ρA1|A2···AN ) − C2(ρA1A2) − · · · − C2(ρA1AN ) ≥ 0, in
which C2(ρA1|A2···AN ) characterizes bipartite entanglement
in the partition A1|A2 · · ·AN and C2(ρA1Ai) quantifies two-
qubit entanglement with i = 2, 3, · · · , N . As is known,
the entanglement monogamy property can be used to char-
acterizing multipartite entanglement structure [5–7], based
on which some multipartite entanglement measures and in-
dicators are introduced and utilized to detect the existence
of multiqubit entanglement in dynamical procedures [8–16].
Similar monogamy relations were also generalized to Gaus-
sian systems [17, 18], squashed entanglement [19, 20], en-
tanglement negativity [21–23], entanglement Renyi entropy
[24, 25], Lorentz invariance [26] and strong entanglement
monogamy cases [27–29].
The entanglement of formation (EOF) is also a well-defined
bipartite entanglement measure and has operational meaning
in entanglement preparation and data storage [3]. Unfortu-
nately, EOF itself does not satisfy the usual monogamy rela-
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tion even for three-qubit pure states. Recently, it was indicated
that the squared entanglement of formation (SEF) obeys the
monogamy relation in multiqubit systems [30–33]. In partic-
ular, we proved analytically that the SEF is monogamous in
an arbitrary N -qubit mixed state and obeys the relation [32]
E2f (ρA1|A2···AN )−E2f(ρA1A2)−· · ·−E2f(ρA1AN ) ≥ 0. (1)
In comparison with the N -qubit monogamy relation for SC
[7], the advantages of that for SEF shown in Eq. (1) are that
(i) the residual entanglement of SEF can indicate all multi-
qubit entangled states in the N -partite systems [32] and (ii)
unlike the concurrence C(ρA1|A2···AN ), the multiqubit EOF
Ef (ρA1|A2···AN ) can be calculated via quantum discord [34–
38] without resorting to the convex roof extension [39].
Osborne and Verstraete proved that When anN -qubit quan-
tum state is divided into k parties, Osborne and Verstraete
proved that the SC obeys a set of hierarchical monogamy re-
lations [7],
C2(ρA1|A2···AN ) ≥
k−1∑
i=2
C2(ρA1Ai) +C
2(ρA1|Ak···AN ), (2)
which can be used to detect the multipartite entanglement in
k-partite cases with k = {3, 4, · · · , N}. However, calculating
multiqubit concurrence is extremely hard due to the convex
roof extension [39], which makes the quantitative characteri-
zation on this set of monogamy relations very difficult. Since
the N -partite monogamy relation of SC has an intrinsic re-
lation with that of SEF [32], it is natural to ask whether or
not the SEF in k-partite systems satisfies similar hierarchical
monogamy relations, considering that the bipartite multiqubit
EOF is calculable via effective methods for calculating quan-
tum discord [40–49]. Moreover, is the amount of EOF related
to that of SC in multiqubit systems (and, if so, how)? On the
other hand, whether the monogamy properties of SEF and SC
are equivalent in general multipartite systems still seems to be
a fundamental open question.
In this paper, we show exactly that the SEF obeys a set
of hierarchical k-partite monogamy relations in an arbitrary
2N -qubit mixed state. Based on these monogamy relations, a
set of hierarchical multipartite entanglement indicators which
can still work well even when the concurrence-based indica-
tors lose their efficacy is constructed correspondingly. As a
byproduct, we also obtain the analytical relation between EOF
and SC in 2 ⊗ d systems. Furthermore, we analyze the mul-
tipartite entanglement dynamics in cavity-reservoir systems
with the presented hierarchical indicators. Finally, we make
a comparative study of the monogamy properties of SEF and
SC, which are inequivalent in multi-level systems.
II. HIERARCHICAL K-PARTITE MONOGAMY
RELATIONS FOR SEF IN N -QUBIT SYSTEMS
In a bipartite mixed state ̺AB , the EOF is defined as [39]
Ef (̺AB) = min
∑
i
piEf (|ψi〉AB), (3)
where Ef (|ψi〉AB) = S(ρiA) = −TrρiAlog2ρiA is the von
Neumann entropy and minimum running over all the pure
state decompositions. In particular, for two-qubit states, an
analytical formula was given by Wootters [50]
Ef (ρAB) = h(
1 +
√
1− C2AB
2
), (4)
where h(x) = −xlog2x − (1 − x)log2(1 − x) is the binary
entropy and CAB = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4} is
the concurrence, with λi being the decreasing eigenvalues of
matrix ρAB(σy ⊗ σy)ρ∗AB(σy ⊗ σy).
In this work, a key result is to show exactly a set of hi-
erarchical k-partite monogamy relations for SEF in arbitrary
N -qubit mixed states ρA1A2···AN ,
E2f (ρA1|A2···AN ) ≥
k−1∑
i=2
E2f (ρA1Ai) + E
2
f (ρA1|Ak···AN ) (5)
for k = {3, 4, · · ·N}, where the relation for k = N is just
the above-mentioned monogamy inequality of Eq. (1). To
show this set of monogamy relations of SEF, we first prove
the following lemmas and theorems.
Lemma 1. For two-qubit mixed states, the entanglement of
formation Ef (C2) is monotonic and concave as a function of
squared concurrenceC2.
Proof. The monotonically increasing property of Ef (C2)
is satisfied if the first-order derivative dEf/dx > 0, with x =
C2. According to Eq. (4), we have
dEf
dx
=
1√
1− x · ln16 ln(
1 +
√
1− x
1−√1− x ). (6)
When x ∈ (0, 1), the first-order derivative is positive. Com-
bining this fact with the observation that Ef (0) = 0 and
Ef (1) = 1 correspond respectively to its minimum and max-
imum, we can deduce that Ef is a monotonically increasing
function of x. Moreover, the concave property of Ef (x) holds
if the second-order derivative d2Ef/dx2 < 0. After some de-
duction, we have
d2Ef
dx2
= g(x) · {−2√1− x+ x · ln(1 +
√
1− x
1−√1− x)} < 0, (7)
where g(x) = 1/[2 · (ln16) ·x(1−x)3/2] is a nonnegative fac-
tor. Therefore, the entanglement of formationEf is a concave
function of x. The details for illustrating the negativity of Eq.
(7) are presented in Appendix A.
Lemma 2. For two-qubit mixed states, the entanglement of
formation Ef (C) is monotonic and convex as a function of
concurrenceC.
Proof. The monotonically increasing property of Ef (C) is
satisfied if the first-order derivative dEf/dC > 0. According
to Eq. (4), we have
dEf
dC
=
C√
1− C2 · ln4 ln(
1 +
√
1− C2
1−√1− C2 ). (8)
When C ∈ (0, 1), the first-order derivative is positive. Com-
bining this fact with an observation that Ef (0) = 0 and
Ef (1) = 1 correspond respectively to its minimum and max-
imum, we can deduce that Ef is a monotonically increasing
function of C. Furthermore, the convex property of Ef (C)
holds if the second-order derivative d2Ef/dC2 > 0. After
some deduction, we have
d2Ef
dC2
= u(C) · {−2
√
1− C2 + ln(1 +
√
1− C2
1−√1− C2 )} > 0,(9)
where u(C) = 1/[(ln4) · (1 − C2)3/2] is a non-negative fac-
tor. Therefore, the entanglement of formation Ef is a convex
function of C. The details for proving the positivity of Eq. (9)
are shown in Appendix B.
Theorem 1. For a bipartite 2 ⊗ d mixed state ρAC , the en-
tanglement of formation obeys the following relation
Ef (ρAC) = Ef [C
2(ρAC)], (10)
where the function on the right-hand side has the same expres-
sion as that of two-qubit EOF shown in Eq. (4) with C2 being
the squared concurrence of 2⊗ d systems.
Proof. According to Eq. (3), the EOF in 2 ⊗ d systems
has the form Ef (ρAC) = min
∑
i piEf (|ψi〉AC). Under the
optimal pure state decomposition {pi, |ψi〉AC}, we have
Ef (ρAC) =
∑
i
piEf (|ψi〉AC)
=
∑
i
piEf [C
2(|ψi〉AC)]
≤
∑
j
qjEf [C
2(|ϕj〉AC)]
≤ Ef [
∑
j
qjC
2(|ϕj〉AC)]
= Ef [C
2(ρAC)], (11)
where we have used in the second equality the Wootters for-
mula for pure states since the 2 ⊗ d pure state |ψi〉AC is
3equivalent to a two-qubit state under Schmidt decomposition
[51] and have taken the EOF Ef (|ψi〉AC) as a function of the
squared concurrence C2(|ψi〉AC), and in the third inequality
the optimal decomposition {qj , |ϕj〉AC} for the concurrence
C2(ρAC) = min
∑
j qjC
2(|ϕj〉AC) [7], which results in the
average EOF being not less than Ef (ρAC). The fourth in-
equality holds because of the concave property of Ef (C2)
as proved in Lemma 1, and the last equality is satisfied be-
cause {qj, |ϕj〉AC} is the optimal pure-state decomposition
for C2(ρAC). On the other hand, under the optimal pure-state
decomposition of Ef (ρAC), we also have
Ef (ρAC) =
∑
i
piEf (|ψi〉AC)
=
∑
i
piEf [C(|ψi〉AC)]
≥ Ef [
∑
i
piC(|ψi〉AC)]
≥ Ef [
∑
k
rkC(|φk〉AC)]
= Ef [C(ρAC)], (12)
where, we have used in the second equality the Wootters for-
mula for pure states and have taken the EOF Ef (|ψi〉AC) as a
function of the concurrence C(|ψi〉AC), in the third inequal-
ity we have used the convex property of Ef (C) (proved in
Lemma 2) as a function of concurrence C, and in the fourth
inequality we have used the optimal pure-state decomposition
{rk, |φk〉AC} for the concurrenceC(ρAC) and the monotoni-
cally increasing property of Ef (C). Combining Eq. (11) with
Eq. (12), we can obtain
Ef [C(ρAC)] ≤ Ef (ρAC) ≤ Ef [C2(ρAC)]. (13)
Furthermore, according to the Wootters formula in Eq. (4),
we have
Ef [C(ρAC)] = h(
1 +
√
1− C2AC
2
) = Ef [C
2(ρAC)], (14)
where Ef [C(ρAC)] = Ef [C2(ρAC)] since they have the
same expression, with h(x) being the binary entropy function.
Therefore, the inequality signs in Eq. (13) become equality
signs, and then Theorem 1 is satisfied.
Theorem 2. For a tripartite mixed state ρABC of 2 ⊗ 2 ⊗
4 systems, the squared entanglement of formation obeys the
monogamy relation
E2f (ρA|BC)− E2f (ρAB)− E2f (ρAC) ≥ 0, (15)
where ρAB and ρAC are the reduced quantum states of 2 ⊗ 2
and 2⊗ 4 subsystems, respectively.
Proof. We first analyze the pure state case. In a tripartite
pure state |ψABC〉 of the 2⊗ 2⊗ 4 systems, we can derive
E2f (|ψA|BC〉)− E2f (ρAB)− E2f (ρAC)
= E2f [C
2(|ψA|BC〉)]− E2f [C2(ρAB)]− E2f [C2(ρAC)]
≥ E2f (C2AB + C2AC)− E2f (C2AB)− E2f (C2AC)
≥ 0, (16)
where we have used the property Ef (ρAC) = Ef [C2(ρAC)]
as proved in Theorem 1 and the property of |ψABC〉 being
equivalent to a two-qubit state under the partition A|BC in
the first equality, the monotonic property of E2f (C2) and the
monogamy relation C2A|BC ≥ C2AB + C2AC [7] in the sec-
ond inequality, and the convexity of function E2f (C2) [32]
in the last inequality. Thus, we have proven the monogamy
relation for pure state cases. Next, we prove it for mixed
states. The EOF in bipartite partition A|BC is Ef (ρA|BC) =
min
∑
i piEf (|ψiA|BC〉) with the minimum running over all
pure-state decompositions. Under the optimal decomposition
{pi, |ψiABC〉}, we can get
Ef (ρA|BC) =
∑
i
piEf (|ψiA|BC〉) =
∑
i
E1i
E′f (ρAJ) =
∑
i
piEf (ρ
i
AJ) =
∑
i
Eji, (17)
where E′f (ρAJ ) (with J = B,C and j = 2, 3) is the average
EOF under the specific decomposition. Consequently, we can
derive
E2f (ρA|BC)− E′2f (ρAB)− E′2f (ρAC)
= (
∑
i
E1i)
2 − (
∑
i
E2i)
2 − (
∑
i
E3i)
2
=
∑
i
(E12i − E22i − E32i ) + ∆ ≥ 0, (18)
where, in the second equation, the first term is nonnega-
tive due to the proved monogamy relation in the pure state
case, and the second term ∆ = 2
∑
i
∑
k=i+1(E1iE1k −∑
j EjiEjk) is also nonnegative from a rigorous analysis
given in Appendix C. On the other hand, we have
Ef (ρAB) ≤ E′f (ρAB), Ef (ρAC) ≤ E′f (ρAC) (19)
since E′f is a specific average EOF which is not less than that
under the optimal pure state decomposition. Combining Eqs.
(18) and (19), we obtain the monogamy relation for mixed
states, which completes the proof of this theorem.
Theorem 3. For an arbitrary tripartite quantum state ρABC
of 2⊗2⊗2N−2 systems, the monogamy relationE2f (ρA|BC)−
E2f (ρAB)− E2f (ρAC) ≥ 0 is satisfied.
Proof. In a tripartite pure state |ψABC〉 of 2 ⊗ 2 ⊗
2N−2 systems, the party C is equivalent to a logic four-
level subsystem according to the Schmidt decomposition
[51] in the partition AB|C. Therefore, the pure state
monogamy relation for this theorem is automatically satis-
fied in terms of the result of Theorem 2. Also, we can
prove it for the mixed state case. For the mixed state
ρABC, we have Ef (ρA|BC) = min
∑
i piEf (|ψiA|BC〉), with
the minimum running over all the pure state decomposi-
tions. Under the optimal decomposition {pi, |ψiABC〉}, we
can obtain Ef (ρA|BC) =
∑
i piEf (|ψiA|BC〉) =
∑
iE1i,
E′f (ρAB) =
∑
i piEf (ρ
i
AB) =
∑
iE2i, and E′f (ρAC) =∑
i piEf (ρ
i
AC) =
∑
iE3i, in which E′f (ρAB) and E′f (ρAC)
4are the average entanglement in the specific decomposition.
We thus have
E2f (ρA|BC)− E′2f (ρAB)− E′2f (ρAC)
=
∑
i
p2i [E
2
f (|ψiA|BC〉)− E2f (ρiAB)− E2f (ρiAC)]
+2
∑
i
∑
k=i+1
(E1iE1k −
3∑
j=2
EjiEjk), (20)
where the first term is nonnegative since the monogamy rela-
tion is satisfied for the pure-state case, and the second term is
nonnegative as well, as shown in Appendix C. Moreover, we
have E′f (ρAB) ≥ Ef (ρAB) and E′f (ρAC) ≥ Ef (ρAC) be-
cause E′f is the average EOF under a specific decomposition.
Therefore, we have
E2f (ρA|BC)− E2f (ρAB)− E2f (ρAC) ≥ 0. (21)
At this stage, we prove the hierarchicalk-partite monogamy
relations of SEF in an N -qubit mixed state ρA1A2···AN . Ac-
cording to Theorem 3, the three-partite monogamy relation in
the N -qubit system is satisfied, and we have
E2f (ρA1|A2···AN ) ≥ E2f (ρA1A2) + E2f (ρA1|A3···AN ). (22)
Applying theorem 3 to the subsystem ρA1|A3···AN
again, we can derive the four-partite monogamy rela-
tion E2f (ρA1|A2···AN ) ≥ E2f (ρA1A2) + E2f (ρA1A3) +
E2f (ρA1|A4···AN ). By the successive application of the
Theorem 3 , we can obtain a set of hierarchical k-partite
monogamy relations for SEF with k ∈ {3, 4, · · · , N},
such that we complete the whole proof for the monogamy
inequalities shown in Eq. (5).
III. HIERARCHICAL INDICATORS FOR MULTIPARTITE
ENTANGLEMENT
For an N -qubit pure state |ψN 〉, we are able to construct a
set of hierarchical multipartite entanglement indicators based
on the corresponding monogamy relations for the SEF
τSEF (k)(|ψN 〉) = E2f (|ψ〉A1|A2···AN )−
k−1∑
i=2
E2f (ρA1Ai)
−E2f (ρA1|Ak···AN ), (23)
which can be used to detect multipartite entanglement for
the k-partite case of an N -qubit system under the partition
A1|A2 · · ·AN . Moreover, for N -qubit mixed states, we can
construct two types of multipartite entanglement indicators
τ
(1)
SEF (k)(ρN ) = min
∑
i
piτSEF (k)(|ψiN 〉),
τ
(2)
SEF (k)(ρN ) = E
2
f (ρA1|A2···AN )−
k−1∑
i=2
E2f (ρA1Ai)
−E2f (ρA1|Ak···AN ), (24)
3 5 7 9 11 13 15 17 19 21
0
0.02
0.04
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τ
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(|W
20
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FIG. 1: (Color online) The multipartite entanglement indicator
τSEF (k)(|W20〉) as a function of party number k, where the nonzero
values indicate the existence of multipartite entanglement in the k-
partite case of a 20-qubit W state with k ∈ [3, 20].
where the first type is based on the convex roof extension with
the minimum running over all the pure- state decompositions
{pi, |ψiN 〉}, while the second type comes from the mixed-state
monogamy relations for SEF. When the party number k = N ,
the two indicators in Eq. (24) are just the multiqubit entan-
glement indicators introduced in Ref. [32], which can detect
entangled multiqubit states without the concurrence and n-
tangles [52, 53]. The detection ability of the first type of in-
dicator is stronger than that of the second one, but the com-
putability of the second type is better since the bipartite mul-
tiqubit EOF can be obtained via quantum discord.
As an application, we first analyze the N -qubit W state
which has the form
|WN 〉 = 1√
N
(|10 · · ·0〉+ |01 · · ·0〉+ · · ·+ |00 · · ·1〉). (25)
For this quantum state, the k-partite N -qubit monogamy re-
lations of SC as shown in Eq. (2) are saturated, and thus, the
concurrence-based multipartite entanglement detection does
not work. However, we can use the newly introduced SEF-
based indicator to represent the multipartite entanglement in
the k-partite case of N -qubit systems. After some deduction,
we have
τSEF (k)(|WN 〉) = E2f (C2A1|A2···AN )− (k − 2)E2f (C2A1A2)
−E2f (C2A1|Ak···AN ), (26)
where we have used the symmetry of qubit permutations in
the W state and the squared concurrences are C2A1|A2···AN =
4(N−1)/N2,C2A1A2 = 4/N2, andC2A1|Ak···AN = 4(N−k+
1)/N2, respectively. This set of τSEF (k) is positive since the
SEF is a convex function of SC and all the SCs in Eq. (26) are
nonzero [32]. The nonzero τSEF (k) indicates the existence
of multipartite entanglement in the k-partite case of the W
state. In Fig1, we plot the indicator as a function of party num-
ber k in a 20-qubit W state, where the nonzero value detects
the multipartite entanglement in the k-partite case. More-
over, the hierarchy relations are embodied by the monoton-
ically increasing values of the indicator, with the minimum
τSEF (3) = 0.00603 and the maximum τSEF (20) = 0.06989,
respectively.
50 2 4 6 8
0
0.2
0.4
0.6
0.8
κ t
0 2 4 6 8
0
0.2
0.4
0.6
0.8
κ t
0 2 4 6 8
0
0.2
0.4
0.6
0.8
κ t
0 2 4 6 8
0
0.2
0.4
0.6
0.8
κ t
τ
SEF(4)
[c
1
|c
2
r
1
r
2
]
τ
SEF(3)
[c
1
|c
2
(r
1
r
2
)]
τ(2)
SEF(3)
[c
1
|r
1
r
2
]
τ
SEF(4)
[c
1
|r
2
c
2
r
1
]
τ
SEF(3)
[c
1
|r
2
(c
2
r
1
)]
τ(2)
SEF(3)
[c
1
|c
2
r
1
]
τ
SEF(4)
[r
1
|r
2
c
1
c
2
]
τ
SEF(3)
[r
1
|r
2
(c
1
c
2
)]
τ(2)
SEF(3)
[r
1
|c
1
c
2
]
τ
SEF(4)
[r
1
|c
2
r
2
c
1
]
τ
SEF(3)
[r
1
|c
2
(r
2
c
1
)]
τ(2)
SEF(3)
[r
1
|r
2
c
1
]
(a) (b)
(c) (d)
FIG. 2: (Color online) The hierarchical multipartite entanglement
indicators as functions of the time evolution parameter κt in different
partitions of composite cavity-reservoir systems: (a) c1|c2r1r2, (b)
c1|r2c2r1, (c) r1|r2c1c2, and (d) r1|c2r2c1.
Next, we make use of the hierarchical multipartite entan-
glement indicators to analyze a practical dynamical proce-
dure of two composite cavity-reservoir systems. The inter-
action of a single cavity-reservoir system is described by
the Hamiltonian [54–57] Hˆ = ~ωaˆ†aˆ + ~∑Nk=1 ωk bˆ†kbˆk +
~
∑N
k=1 gk(aˆbˆ
†
k + bˆkaˆ
†). When the initial state is |Φ0〉 =
(α|00〉 + β|11〉)c1c2 |00〉r1r2 , with the dissipative reservoirs
being in the vacuum state, the output state is equivalent to a
four-qubit state and has the form [54]
|Φt〉 = α|0000〉c1r1c2r2 + β|φt〉c1r1 |φt〉c2r2 , (27)
where |φt〉 = ξ(t)|10〉 + χ(t)|01〉, with the amplitudes being
ξ(t) = exp(−κt/2) and χ(t) = [1−exp(−κt)]1/2. Under the
partition c1|c2r1r2, the hierarchical multipartite entanglement
indicators obey the following relation:
τSEF (4)(|Φt〉c1|c2r1r2) = τSEF (3)(|Φt〉c1|c2(r1r2))
+τ
(2)
SEF (3)(ρc1|r1r2), (28)
where τSEF (3) and τSEF (4) are the multipartite entanglement
indicators for the three-partite and four-partite cases of the
output state, and τ (2)SEF (3) detects the tripartite entanglement in
the three-qubit mixed state. In Fig. 2(a), we plot this set of hi-
erarchical indicators as functions of the time evolution κt (the
initial-state parameter is chosen to be α = 1/
√
3), where the
nonzero values indicate the existence of multipartite entangle-
ment. Similarly, for the partitions c1|r2c2r1, r1|r2c1c2, and
r1|c2r2c1, we can also utilize the corresponding hierarchical
SEF-based indicators to detect the multipartite entanglement
in pure and mixed states of the composite cavity-reservoir sys-
tems, which are plotted in Fig. 2(b)-2(d). Here, it should
be pointed out that the advantage of SEF-based indicators is
that the multiqubit EOF of mixed states can be obtained via
an effective method for calculating quantum discord [47] (the
details of the calculation are presented in Appendix D). How-
ever, for the concurrence-based indicators, their calculation is
very difficult because the bipartite multiqubit concurrence in
mixed states needs to resort to the convex-roof extension.
The hierarchy property of multipartite entanglement indica-
tors τSEF (k) lies in not only the values of different indicators
but also the enhanced detection ability along with the party
number k. In Ref. [32], it was proved that the nonzero indica-
tor value of N -partite N -qubit quantum states is a necessary
and sufficient condition for the existence of multiqubit entan-
glement. However, when one of the parties contains two or
more qubits, the nonzero value of the indicator is only a suffi-
cient condition for multipartite entanglement detection, which
is because there exist multipartite entangled states with zero
indicator values. As an example, we consider the tripartite
case of a four-qubit quantum state in 2⊗ 2⊗ 4 systems,
|ψ〉A1A2(A3A4) =
1
2
(|000¯〉+ |101¯〉+ |012¯〉 − |113¯〉), (29)
where the third party has two qubitsA3 and A4 with the bases
|0¯〉 = |00〉, |1¯〉 = |01〉, |2¯〉 = |10〉, and |3¯〉 = |11〉, respec-
tively. This quantum state is multipartite entangled since the
EOF is nonzero in any bipartite partition of the tripartite sys-
tem A1A2(A3A4). But the tripartite entanglement indicator is
τSEF (3)(|ψ〉A1|A2(A3A4)) = 0, which fails to detect the multi-
partite entanglement [here, the EOF of reduced quantum state
ρA1(A3A4) is Ef (A1|A3A4) = 1, since it is the maximal en-
tangled mixed state in 2 ⊗ 4 systems [58, 59]]. On the other
hand, when the quantum state in Eq. (29) is taken to be a
four-party case of a 2⊗ 2⊗ 2⊗ 2 system, it has the form
|ψ〉A1A2A3A4 =
1
2
(|0000〉+|1001〉+|0110〉−|1111〉). (30)
In this case, we can derive τSEF (4)(|ψ〉) = 1, which indicates
the existence of genuine multipartite entanglement. In fact,
this quantum state is just the four-qubit cluster state which is
genuinely four-partite entangled [60, 61].
IV. DISCUSSION
Until now, the quantitative relation between the EOF and
SC in general bipartite systems has been an open problem.
However, Theorem 1 in this paper provides an analytical ex-
pression for the relation of EOF and SC in 2 ⊗ d systems,
leading to the mixed-state concurrence in 2 ⊗ d systems be-
ing available as long as we get the corresponding EOF. This is
an important step forward in calculating the mixed-state con-
currence since the mixed-state EOF beyond two-qubit cases
can be derived via effective methods for calculating quantum
discord [40–49]. For example, in the dynamical evolution of
multipartite cavity-reservoir systems analyzed in Sec. III, the
calculation of SC C2c1|r1r2 is extremely difficult according to
the convex-roof extension. But we can deduce this concur-
rence via the corresponding EOF. Based on the Koashi-Winter
formula [19] and the quantum discord in subsystem c1c2, we
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FIG. 3: (Color online) Entanglement dynamics of squared concur-
rences as a functions of time evolution κt and the initial ampli-
tude α: (a) squared concurrence C2(ρc1|r1r2) and (b) entanglement
monogamy C2(ρc1|r1r2)−C
2(ρc1r1)− C
2(ρc1r2).
have the EOF (see details in Appendix D)
Ef (ρc1|r1r2) = −η1log2η1 − (1 − η1)log2(1− η1), (31)
where the parameter is η1 = [1 − (1 − 4β2ξ2χ2)1/2]/2. Ac-
cording to Theorem 1 in Sec. II, we have the relation
Ef (ρc1|r1r2) = h

1 +
√
1− C2c1|r1r2
2

 , (32)
where h(x) = −xlog2x − (1 − x)log2(1 − x) is the binary
entropy. Combining Eqs. (31) and (32), we can derive the SC
C2c1|r1r2 = 4β
2ξ2χ2, (33)
where β is the initial amplitude and the time evolution pa-
rameters are ξ = exp(−κt/2) and χ = [1 − exp(−κt)]1/2,
respectively. In Fig. 3(a), we plot the concurrence C2c1|r1r2
as a function of time evolution κt and the initial amplitude
α, which characterizes the evolution of SC in the dynami-
cal procedure. Furthermore, in Fig. 3(b), the entanglement
distribution C2(ρc1|r1r2)−C2(ρc1r1)−C2(ρc1r2) is plotted,
which verifies the monogamy property of SC in the three-
qubit mixed state.
It was proven in Ref. [32] that the SEF is monogamous in
the N -partite case, as shown in Eq. (1) where each party con-
tains one qubit. In this paper, we further prove that the SEF
monogamy is satisfied even when the last party contains two
or more qubits, and thus, we obtain a set of hierarchical k-
partite monogamy relations,
E2f (ρA1|A2···AN )
≥ E2f (ρA1A2) + E2f (ρA1|A3···AN )
≥ E2f (ρA1A2) + E2f (ρA1A3) + E2f (ρA1|A4···AN )
.
.
.
.
.
.
.
.
.
.
.
.
≥ E2f (ρA1A2) + · · ·+ E2f (ρA1AN−2) + E2f (ρA1|AN−1AN )
≥ E2f (ρA1A2) + · · ·+ E2f (ρA1AN−1) + E2f (ρA1AN ), (34)
where the specific monogamy relation for k = N reproduces
the important result recently revealed in Ref. [32]. Note that
the monogamy score is increasing along with the party num-
ber k due to the hierarchy property of the inequalities, and on
the basis of the hierarchy property we correspondingly present
a set of multipartite entanglement indicators. For a generalN -
qubit mixed state ρN , the detection ability of the multipartite
entanglement indicator τSEF (k) is also enhanced along with
the increasing of party number k. When k < N , the nonzero
value of the indicator is only a sufficient condition for the ex-
istence of multipartite entanglement, but when k = N , the
nonzero value is both necessary and sufficient.
As shown in Eqs. (2) and (5), both SC and SEF satisfy
the monogamy relation in multipartite 2 ⊗ 2 ⊗ 2 · · · ⊗ 2 ⊗
d systems. However, it is still an open question whether or
not the monogamy properties of SC and SEF are equivalent
in multipartite systems of arbitrary dimension. Furthermore,
does the SEF possess a better monogamy property than the
SC?
First, we analyze multipartite 2⊗ d2⊗ d3 · · ·⊗ dN−1⊗ dN
systems, where only the first party is a two-level subsystem
and the other parties are multilevel subsystems. In this case,
we have the following theorem, and the proof can be seen in
Appendix E.
Theorem 4. For multipartite 2⊗ d2 ⊗ d3 · · · ⊗ dN−1 ⊗ dN
systems, the monogamy property of squared entanglement of
formation is superior to that of squared concurrence.
Here, it should be noted that the general monogamy prop-
erty of SC is still an open problem for 2⊗d2⊗d3 · · ·⊗dN−1⊗
dN systems. However, according to the Theorem 4, we know
that the SEF in the multipartite systems should be monoga-
mous whenever the SC possesses this property, and further-
more, the SEF may still be monogamous even if the SC were
polygamous. As an example, we consider a four-partite mixed
state ρA1A˜2A˜3A˜4 of 2 ⊗ d2 ⊗ d3 ⊗ d4 systems. Suppose that
the bipartite squared concurrences areC2
A1|A˜2A˜3A˜4 = 0.7, and
C2
A1A˜2
= C2
A1A˜3
= C2
A1A˜4
= 0.3. Then we find that the SC
is polygamous in this quantum state, i.e.,
C2
A1|A˜2A˜3A˜4 −
4∑
i=2
C2
A1A˜i
= −0.2. (35)
However, if we use the SEF to characterize the entanglement
distribution in this quantum state, we can derive
E2f (ρA1|A˜2A˜3A˜4)−
4∑
i=2
E2f (ρA1A˜i)
= E2f (C
2
A1|A˜2A˜3A˜4)−
4∑
i=2
E2f (C
2
A1A˜i
)
= 0.594779− 3× 0.166494
= 0.0952982, (36)
which is monogamous.
Next, we investigate the monogamy properties of SEF and
SC for multipartite quantum systems where the first party is a
multilevel subsystem. In Ref. [62], Ou indicated that the SC
is not monogamous for multipartite higher-dimensional sys-
tems, with a counterexample of 3⊗ 3⊗ 3 systems being given
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FIG. 4: (Color online) The different distribution properties of
M(SEF ) = E2f (A|BC) − E
2
f (AB) − E
2
f (AC) and M(SC) =
C2(A|BC) − C2(AB) − C2(AC) as functions of parameter θ in
4 ⊗ 2 ⊗ 2 systems, where the SEF is monogamous and the SC is
polygamous.
by [62]
|Ψ〉ABC = 1√
6
(|123〉 − |132〉+ |231〉 − |213〉
+|312〉 − |321〉), (37)
in which the monogamy score is C2A|BC − C2AB − C2AC =
−2/3. However, when we use SEF to characterize the en-
tanglement distribution in this quantum state, we find that the
corresponding monogamy score is
E2f (|Ψ〉A|BC)− E2f (ρAB)− E2f (ρAC)
= (log23)2 − 1− 1
≃ 0.51211, (38)
which is monogamous and indicates genuine tripartite entan-
glement. Therefore, the monogamy properties of SEF and SC
are inequivalent in multilevel systems. Moreover, even when
only the first party is multilevel, the monogamy properties of
SEF and SC are still different. As an example, we analyze a
tripartite pure state of 4⊗ 2⊗ 2 systems
|Φ〉ABC = 1√
2
(α|000〉+ β|110〉+α|201〉+ β|311〉), (39)
where the parameters are α = cosθ and β = sinθ. In Fig. 4,
we plot the monogamy properties of SEF and SC as functions
of parameter θ, and it can be seen that the SEF is monogamous
whereas the SC is polygamous (the details of the analysis of
the entanglement distribution property are given in Appendix
F).
It is worth pointing out that a profound understanding of
the monogamy property of SEF for a general multipartite sys-
tem is still lacking. From the above analysis on multi-level
systems, we may make the following two conjectures.
Conjecture 1. For multipartite 2 ⊗ d2 ⊗ d3 · · · ⊗ dN−1 ⊗
dN systems, the squared entanglement of formation may be
monogamous.
Conjecture 2. For multipartite arbitrary d-dimensional
quantum systems, the squared entanglement of formation may
be monogamous.
The proofs of these two conjectures are highly challeng-
ing and may demand some exotic tools for characterizing the
EOF in bipartite higher-dimensional systems, which is cur-
rently being explored in the quantum information community.
V. CONCLUSIONS
To conclude,we have proven exactly that when an N -qubit
quantum system is divided into k parties, SEF obeys a set of
hierarchical k-partite monogamy relations, as shown in Eq.
(5), which is an important generalization of the former N -
partite N -qubit result [32]. In comparison with the similar
hierarchical monogamy properties of SC [7], the merits of
the SEF case lie in its computability via quantum discord and
its capability of multipartite entanglement detection. Based
on this set of monogamy relations for SEF, we are able to
construct multipartite entanglement indicators for various k-
partite cases, which have a hierarchy structure and are still
workable even when concurrence-based indicators lose their
efficacy. In the evolution of four-partite cavity-reservoir sys-
tems, the introduced indicators are utilized to analyze the dy-
namics of multipartite entanglement, where a quantitative hi-
erarchical relation between tripartite and four-partite entan-
glement indicators is given in Eq. (28). Moreover, the hierar-
chy property of multipartite entanglement indicators also lies
in the improved detection ability along with the increasing of
party number k.
As an important by-product, we have also derived the an-
alytical relation between EOF and SC in an arbitrary mixed
state of 2⊗d systems (Theorem 1). This leads to the 2⊗d con-
currence being computable without resorting to the convex-
roof extension [39] since the EOF is available via effective
methods for calculating quantum discord [40–49]. Therefore,
beyond two-qubit cases, the quantitative characterization of
the monogamy relation of SC is possible. As an example, we
have calculated the entanglement distribution of SC in cavity-
reservoir systems, which is plotted in Fig. 3.
Finally, we have made a comparative study of the
monogamy properties of SEF and SC in multilevel systems.
For multipartite 2⊗ d2⊗ d3 · · · dN−1⊗ dN systems, we have
proven that the monogamy property of SEF is superior to that
of SC. When the first subsystem is not a qubit, the concrete
examples illustrate that the SEF can be monogamous even if
the SC is polygamous. However, in a general multipartite sys-
tem, the monogamy property of SEF is still an open problem,
and proofs for the two conjectures are still needed.
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Appendix A: Proof for the negativity of the second-order
derivative in equation (7)
In Eq. (7) of the main text, the second-order derivative has
the form
d2Ef
dx2
= g(x) · {−2√1− x+ x · ln(1 +
√
1− x
1−√1− x )}, (A1)
where x = C2 and the factor g(x) = 1/[2·(ln16)·x(1−x)3/2].
Now we prove that the derivative is negative.
In the region x ∈ (0, 1), the factor g(x) is positive, and then
the negativity of the derivative is equivalent to M(x) < 0,
with
M(x) = −2√1− x+ x · ln(1 +
√
1− x
1 −√1− x). (A2)
In order to determine the sign of M(x), we first analyze the
monotonic property of this function. After some deduction,
we find that the first-order derivative of M(x) is
dM(x)
dx
= ln(1 +
√
1− x
1−√1− x), (A3)
which is positive since the term in the logarithm is larger than
1. Therefore, the function M(x) is monotonically increasing
in the region x ∈ (0, 1). Next we analyze the values of M(x)
at two end points. When x = 0, we can get
lim
x→+0
M(x) = lim
x→+0
{−2√1− x+ x · ln(1 +
√
1− x
1−√1− x )}
= lim
x→+0
−2√1− x+ lim
x→+0
ln(1+
√
1−x
1−√1−x )
1
x
= −2 + lim
x→+0
x√
1− x
= −2, (A4)
where we have used L’Hospital’s rule in the third equation.
When x = 1, it is easy to obtain M(1) = 0. Combining the
two end-point values with the monotonic property of M(x),
we have M(x) < 0 in the region x ∈ (0, 1), and thus, the
second-order derivative d2Ef/dx2 < 0 in the same region.
Furthermore, we analyze the second-order derivative at the
end points. When x = 0, we get
lim
x→+0
d2Ef
dx2
= lim
x→+0
g(x) ·M(x)
= lim
x→+0
g(x) · lim
x→+0
M(x)
= ∞ · (−2)
= −∞, (A5)
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FIG. 5: (Color online) The second-order derivative d2Ef/dx2 is
plotted as a function of x, with x = C2, which is negative, and
as a result, the EOF is a concave function of SC.
where the result of Eq. (A4) has been used in the third equal-
ity. On the other hand, when x = 1, we can derive
lim
x→1
d2Ef
dx2
= lim
x→1
M(x)
1
g(x)
= lim
x→1
ln[(1 +
√
1− x)/(1−√1− x)]
(ln16) · (2− 5x)√1− x
= lim
x→1
−1/(x√1− x)
[3 · (ln16) · (5x− 4)]/[2√1− x]
=
−2
3 · ln16
≈ −0.24. (A6)
Thus, we prove that the second-order derivative d2Ef/dx2 is
negative in the whole region x ∈ [0, 1] and complete the proof
of Eq. (7) in the main text. In Fig. 5, we plot the second-order
derivative as a function of x, which illustrates our analytical
result.
Appendix B: Proof for the positivity of the second-order
derivative in equation (9)
In Eq. (9) of the main text, the second-order derivative has
the form
d2Ef
dC2
= u(C) · {−2
√
1− C2 + ln(1 +
√
1− C2
1−√1− C2 )}, (B1)
where the factor is u(C) = 1/[(ln4) · (1 − C2)3/2]. Now we
prove that the derivative is positive.
In the region C ∈ (0, 1), the factor u(C) is positive and
then the positivity of the derivative is equivalent to Q(C) > 0,
with
Q(C) = −2
√
1− C2 + ln(1 +
√
1− C2
1−√1− C2 ). (B2)
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FIG. 6: (Color online) The second-order derivative d2Ef/dC2 is
plotted as a function of C, which is positive, and as a result, the EOF
is a convex function of concurrence C.
In order to determine the sign of Q(C), we first analyze the
monotonic property of this function. After some deduction,
we find the first-order derivative of Q(C) is
dQ(C)
dC
=
−2√1− C2
C
, (B3)
which is negative since the concurrence C ranges in (0, 1).
Therefore, the function Q(C) is monotonically decreasing in
the region C ∈ (0, 1). Next, we investigate the values of
Q(C) at two end points, which can be written as
lim
C→+0
Q(C) = +∞
lim
C→1
Q(C) = 0. (B4)
Combining Eq. (B4) with the monotonic property of Q(C),
we find that the function Q(C) is positive in the region C ∈
(0, 1), and thus the second-order derivative d2Ef/dC2 > 0 in
the same region.
Furthermore, we analyze the second-order derivative at the
endpoints. When C = 0, we have
lim
C→+0
d2Ef
dC2
= lim
C→+0
u(C) ·Q(C) = +∞. (B5)
On the other hand, when C = 1, we can derive
lim
C→1
d2Ef
dC2
= lim
C→1
u(C) ·Q(C)
= lim
C→1
−2√1− C2 + ln(1+
√
1−C2
1−√1−C2 )
(1− C2)3/2 · ln4
= lim
C→1
1
ln4
·
−2√1−C2
C
−3C · √1− C2
=
2
3 · ln4
≈ 0.48. (B6)
Thus, we prove that the second-order derivative d2Ef/dC2 >
0 in the whole region C ∈ [0, 1] and then complete the proof
of Eq. (9) in the main text. In Fig.6, we plot the derivative
as a function of concurrence C, which verifies our analytical
result.
Appendix C: Nonnegative second terms in equation (18) and
(20)
We first analyze the term in Eq. (18) of the main text, which
has the form
∆ = 2
∑
i
∑
k=i+1
(E1iE1k −
3∑
j=2
EjiEjk). (C1)
For two arbitrary pure state components |ψi〉 and |ψk〉 in the
optimal pure state decomposition, we can obtain
E12iE1
2
k ≥ (E22i + E32i ) · (E22k + E32k)
= (E2iE2k)
2 + (E3iE3k)
2 + (E2iE3k)
2
+(E3iE2k)
2
≥ (E2iE2k)2 + (E3iE3k)2 + 2(E2iE2k)
×(E3iE3k)
= (
3∑
j=2
EjiEjk)
2, (C2)
where we have used the monogamy relation for the pure-state
case in the first inequality and the perfect square trinomial
equation in the second inequality. After taking the square root
on both sides of Eq. (C2), we can get
E1iE1k −
3∑
j=2
EjiEjk ≥ 0. (C3)
Since |ψi〉 and |ψk〉 are two arbitrary components, the inequal-
ity in Eq. (C3) is also satisfied for any other components, and
thus the second term ∆ ≥ 0 in Eq. (18).
In Eq. (20) of the main text, the second term has the
same form as that in Eq. (18). Under the optimal pure-
state decomposition for Ef (ρA|BC), we choose two arbi-
trary pure-state components |ψiABC〉 and |ψkABC〉. After a
derivation similar to those of Eqs. (C2) and (C3), we get
E1iE1k −
∑3
j=2 EjiEjk ≥ 0, where the pure-state SEF
monogamy relation in 2 × 2 ⊗ 2N−2 systems is used. Be-
cause |ψiABC〉 and |ψkABC〉 are two arbitrary components, we
can find that the second term in Eq. (20) is nonnegative.
Appendix D: The calculation of bipartite multiqubit EOF in
cavity-reservoir systems
In Eq. (28) of the main text, the multipartite entangle-
ment indicators in tripartite pure and mixed states of cavity-
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reservoir systems have the forms
τSEF (3)(|Φt〉c1|c2(r1r2)) = E2f (|Φt〉c1|c2(r1r2))− E2f (ρc1c2)
−E2f (ρc1|r1r2), (D1)
τ
(2)
SEF (3)(ρc1|r1r2) = E
2
f (ρc1|r1r2)− E2f (ρc1r1)
−E2f (ρc1r2), (D2)
where the calculation of bipartite three-qubit EOF
Ef (ρc1|r1r2) is a key step for the application of these
indicators. According to the Koashi-Winter formula [19], the
EOF can be obtained via quantum discord and we have
Ef (c1|r1r2) = D(c1|c2) + S(c1|c2), (D3)
where S(c1|c2) = S(c1c2) − S(c2) is the direct quantum
generalization of conditional entropy [34], with S(ρx) =
−∑λilog2λi being the von Neumann entropy, and the quan-
tum discord of two cavity photons is
D(c1|c2) = min{Ekc2}
∑
k
pkS(c1|Ekc2)− S(c1|c2), (D4)
where the first term is the measurement-induced quantum con-
ditional entropy [34] with the minimum runs over all the pos-
itive operator-valued measures. Chen et al. presented an ef-
fective method for calculating quantum discord and choosing
optimal measurement [47]. After some analysis, we find that
the optimal measurement for the quantum discord D(c1|c2) is
σx. Then, according to Eq. (D3), we can derive
Ef (ρc1|r1r2) = −η1log2η1 − (1− η1)log2(1− η1) (D5)
where the parameter η1 = [1− (1− 4β2ξ2χ2)1/2]/2.
Similarly, for the multipartite entanglement indicators
shown in Fig. 2(b)-2(d), we can also derive the relevant mul-
tiqubit EOF via quantum discord. After some deduction, we
can get
Ef (ρc1|c2r1) = −η2log2η2 − (1− η2)log2(1− η2),
Ef (ρr1|c1c2) = −η3log2η3 − (1− η3)log2(1− η3),
Ef (ρr1|r2c1) = −η4log2η4 − (1− η4)log2(1− η4), (D6)
with the parameters being
η2 = {1− [1− 4β2ξ2(β2 + ξ2 − 2β2ξ2)]1/2}/2,
η3 = [1− (1− 4β2ξ2χ2)1/2]/2, (D7)
η4 = {1− [1− 4β2χ2(β2 + χ2 − 2β2χ2)]1/2}/2,
respectively.
Appendix E: Proof of theorem 4
In a multipartite pure state of 2⊗ d2⊗ d3 · · · ⊗ dN−1⊗ dN
systems, the monogamy relation of the SEF is
E2f (|Ψ〉A1|A˜2···A˜N )−
∑
i
E2f (ρA1A˜i)
= E2f (C
2
A1|A˜2···A˜N )−
∑
i
E2f (C
2
A1A˜i
)
= k1C
2
A1|A˜2···A˜N −
∑
i
kiC
2
A1A˜i
= k1(C
2
A1|A˜2···A˜N −
∑
i
C2
A1A˜i
) + Γ1, (E1)
where the subscript i ∈ {2, N} and we have used Theo-
rem 1 in the main text in the first equality ; the relations
k1 ≥ ki, with k1 = E2f (C2A1|A˜2···A˜N )/C
2
A1|A˜2···A˜N and
ki = E
2
f (C
2
A1A˜i
)/C2
A1A˜i
,in the second equality ; and the non-
negative parameter Γ1 =
∑
i(k1−ki)C2A1A˜i in the last equal-
ity.
When the SC is monogamous in the multipartite pure state
|Ψ〉A1A˜2···A˜N , we have the parameter
Γ2 = k1 · (C2A1|A˜2···A˜N −
∑
i
C2
A1A˜i
) ≥ 0. (E2)
Therefore, the monogamy relation in Eq. (E1) is
E2f (|Ψ〉A1|A˜2···A˜N )−
∑
i
E2f (ρA1A˜i)
= Γ1 + Γ2 ≥ 0, (E3)
since both parameters Γi are nonnegative. Furthermore, for
the mixed-state case, we have
E2f (ρA1|A˜2···A˜N )−
∑
j
E2f (ρA1A˜j )
≥ (
∑
i
E1i)2 −
∑
j
(
∑
i
Eji)2
=
∑
i
(E12i −
∑
j
Ej2i ) + Θ ≥ 0, (E4)
where, in the first inequality, we have used the optimal
pure-state decomposition ρA1A˜2···A˜N =
∑
i pi|Ψi〉〈Ψi| for
Ef (ρA1|A˜2···A˜N ), with E1i = piEf (|Ψi〉A1|A˜2···A˜N ), and the
relation Ef (ρA1A˜j ) ≤
∑
i Eji, with Eji = piEf (ρiA1A˜j );
in the second equality, the first term is nonnegative due to
the pure state monogamy property, and the second term Θ =
2
∑
i
∑
k=i+1(E1iE1k −
∑N
j=2 EjiEjk) is also nonnegative
after an analysis similar to that in Appendix C. Therefore, we
find that the SEF is monogamous in the multipartite systems
when the SC obeys this property.
Next, we consider the situation where the SC is polygamous
in multipartite systems,
C2(ρA1|A˜2···A˜N )−
∑
j
C2(ρA1A˜j ) ≤ 0, (E5)
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which results in the SC also being polygamous in the pure
state case. In this case, we have
Γ2 = k1 · (C2A1|A˜2···A˜N −
∑
i
C2
A1A˜i
) < 0, (E6)
and then the monogamy relation in Eq. (E1) is
E2f (|Ψ〉A1|A˜2···A˜N )−
∑
i
E2f (ρA1A˜i) = Γ1 − |Γ2|, (E7)
which is monogamous when the parameter Γ1 is not less than
the absolute value of the parameter Γ2, i.e.,
Γ1 ≥ |Γ2|. (E8)
Furthermore, when this monogamy relation of SEF in Eq.
(E7) is satisfied, we can find that the mixed-state case holds
via an analysis similar to that in Eq. (E4). Thus, we find that
the SEF can be monogamous even if the SC is polygamous,
and an example is shown in Eqs. (35) and (36) of the main
text.
Combining the cases with the SC being monogamous and
polygamous, we find that in multipartite 2 ⊗ d2 ⊗ d3 · · · ⊗
dN−1 ⊗ dN systems, the monogamy property of SEF is supe-
rior to that of SC, which completes the proof of Theorem 4 in
the main text.
Appendix F: Monogamy properties of SEF and SC in a
4⊗ 2⊗ 2 quantum state
For the 4⊗ 2⊗ 2 quantum state |Φ〉ABC shown in Eq. (39)
of the main text, the bipartite reduced state for subsystem AB
can be written as
ρAB =
1
2
|ϕ1〉〈ϕ1|+ 1
2
|ϕ2〉〈ϕ2|, (F1)
where the pure-state components are |ϕ1〉 = α|00〉 + β|11〉
and |ϕ2〉 = α|20〉 + β|31〉, respectively. In an arbitrary pure
state decomposition of ρAB , the pure-state component has the
form
|ϕ˜i〉AB = ai|ϕ1〉+ e−iγ
√
1− a2i |ϕ2〉 (F2)
for which the reduced density matrix ρiB = diag{α2, β2}.
Therefore, according to the definition of EOF in Eq. (3) of
the main text, we have
Ef (ρAB) = S(B) = −α2log2α2 − β2log2β2. (F3)
Similarly, for the reduced quantum state ρAC , we have
Ef (ρAC) = 1. Moreover, the reduced quantum state of
subsystem A is ρA = diag{α2/2, β2/2, α2/2, β2/2}, from
which we get
Ef (|Φ〉A|BC) = S(A) = S(B) + 1. (F4)
Thus, the monogamy property of SEF is
M(SEF ) = E2f (A|BC)− E2f (AB)− E2f (AC)
= S2(A) − S2(B)− 12
= 2S(B), (F5)
which is nonnegative, and therefore, the SEF is monogamous.
Next, we analyze the distribution of SC in this quantum
state. For the bipartite 4⊗ 2 mixed state ρAB , its concurrence
is defined by the convex roof extension [39, 63]
C(ρAB) = min
∑
i
piC(|ψi〉AB), (F6)
where the minimum runs over all the pure-state decom-
positions and the pure-state concurrence is C(|ψi〉AB) =√
2(1− Trρ2Bi) [64]. According to the property of pure state
decomposition in Eq. (F2), we can derive
C2AB = 4α
2β2. (F7)
In a similar way, we can obtain C2AC = 1. Moreover, the
concurrence in the partition A|BC is
C2A|BC = 2(1− Trρ2A) = 2− α4 − β4, (F8)
and then the monogamy relation of SC is
M(SC) = C2A|BC − C2AB − C2AC
= (2− α4 − β4)− 4α2β2 − 1
= −2α2β2, (F9)
which is polygamous. In Fig. 4, the parameters are chosen to
be α = cosθ and β = sinθ, and the distributions M(SEF )
and M(SC) are plotted as functions of parameter θ, which
illustrates the different entanglement properties of SEF and
SC.
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